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Analytical study of nano-scale logical operations
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203 Barrackpore Trunk Road, Kolkata-700 108, India
A complete analytical prescription is given to perform three basic (OR, AND, NOT) and two
universal (NAND, NOR) logic gates at nano-scale level using simple tailor made geometries. Two
different geometries, ring-like and chain-like, are taken into account where in each case the bridging
conductor is coupled to a local atomic site through a dangling bond whose site energy can be
controlled by means of external gate electrode. The main idea is that when injecting electron energy
matches with site energy of local atomic site transmission probability drops exactly to zero, whereas
the junction exhibits finite transmission for other energies. Utilizing this prescription we perform
logical operations, and, we strongly believe that the proposed results can be verified in laboratory.
Finally, we numerically compute two-terminal transmission probability considering general models
and the numerical results matches exactly well with our analytical findings.
I. INTRODUCTION
Designing of logic gates has always been the subject
of intense research since these are considered as the ba-
sic building blocks of digital electronics. Among the
widespread applications, logic gates carry the electronic
information in a traditional computer system where
around 100 million gates are embedded to execute com-
putational operations and these gates are made from
field-effect transistors (FETs) and metal oxide semicon-
ductor field effect transistors (MOSFETs).
The rapid progress of epitaxial and lithographic tech-
niques has allowed us to fabricate phase-coherence-
preserving samples where quantum interference effects
could be observed1. Various novel electronic devices such
as directional coupler, quantum stub transistor, electron
Y-branch switch, and to name a few have been proposed
and analyzed2–4. These devices differ from ordinary elec-
tronic gadgets, as they are based on the quantum na-
ture of electrons. More precisely, they rely on ballis-
tic, non-phase-destroying carrier transport, with the ad-
vantage of potentially gaining a speed increase of sev-
eral orders of magnitude without dissipation. Exploiting
the effect of quantum interference5–10 one can construct
logic gates using a device of atomic dimension. Follow-
ing the pioneering work of de Silva and his group11 the
idea of designing molecular logic gates12–16 has drawn
much attention among researchers over last few decades
assuming that the logic gates at nano-scale level exhibit
much better performance than the traditional logic gates
made from FETs and MOSFETs. However, the main
limitation of constructing molecular logic gates is that
they have much lower gain as molecular systems have
sufficiently low transconductance17. Furthermore, after
mounting hybrid molecular devices on a surface to con-
struct complex circuits, surface tunneling leakage cur-
rents between the device and interconnects might still
affect device performance18.
Several other proposals have also been given for logical
operations. For instance, photo-induced logic gates using
DNA molecules and other nano structures19,20, though
many controversial issues raised by researchers for its fu-
ture capabilities in designing optical computers21. For
optical logic to be competitive, major breakthroughs in
non-linear optical device technology should be required,
or probably a change in the nature of computing itself.
Other logical operations can also be implemented from
quantum mechanical effects through quantum computing
which usually diverges from Boolean design22.
To find whether simple tailor made geometries are ca-
pable of designing logic gates at nano-scale level, few
years back one of the authors of us has suggested the pos-
sibilities of getting logical operations using simple quan-
tum rings23–26. The key component for that model was
the magnetic flux φ threaded by the ring, and it has
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FIG. 1: (Color online). Schematic diagrams of three bridge
setups that we consider to explore logical operations where
the bridging conductor (chain- or ring-like) is coupled to local
atomic site(s) (α, β) through dangling bond(s). The configu-
ration (a) is used for NOT operation (single logical operation),
whereas each of the other two setups is used for two logical
operations where (b) AND and NOR; and (c) OR and NAND.
Gate-1 and Gate-2 are the gate electrodes through which site
energies of the sites α and β are controlled.
to be fixed at half-flux quantum (i.e., φ = φ0/2, where
φ0 = ch/e). Utilizing the concept of complete destruc-
tive interference under symmetric condition at φ = φ0/2
2all possible logic gates have been explored. But to con-
fine this magnetic flux in a nano-sized ring unrealistically
large magnetic field is required27–29. This situation can
be avoided by considering bigger rings. The crucial role
of quantum interference effects (constructive and destruc-
tive) to achieve few logical operations using nano-rings
has also been discussed in another work30 where the ring
is coupled to three external leads, instead of two.
In the present work we intend to establish how logical
operations can be achieved in simple two-terminal tailor
made geometries without considering any magnetic field,
which of course yields an important step along this direc-
tion. To do this we consider two different shaped conduc-
tors, chain-like and ring-like, and in each case the bridg-
ing conductor is coupled to local atomic site(s) through
dangling bond(s) (for instance see Fig. 1 where general
models of getting logical operations are given. Detailed
description of the models with more simplified versions
are described in the appropriate places to analyze logical
operations). The site energy of any such local atomic site
can be altered with the help of an external gate electrode.
Assigning two different site energies, associated with two
different gate voltages, two states (ON and OFF) of an in-
put signal are defined. Thus, for two-input logic gates we
couple two such atoms with the parent conductor. The
key idea is that whenever the injecting electron energy
matches with site energy of the local atomic site complete
suppression of electron transmission is obtained, while fi-
nite transmission is available for other cases. This phe-
nomenon can be utilized to perform logical operations,
and in the present work we explore all three basic logic
gates (OR, AND, NOT) along with two universal gates
i.e., NAND and NOR. A complete analytical prescription
is given for these logical operations, and finally, we nu-
merically compute the results considering more general
models those exactly matches with the analytical find-
ings. We strongly believe that the present proposal can
be implemented through an experimental setup in labo-
ratory.
The work is arranged as follows. In Sec. II we present
theoretical prescription for a general model. The results
are thoroughly analyzed in Sec. III, and finally, we con-
clude our findings in Sec. IV.
II. THEORETICAL FRAMEWORK FOR A
GENERAL BRIDGE CONFIGURATION:
TRANSFER MATRIX METHOD
The logical response is described in terms of transmis-
sion probabilities in a two-terminal setup. Finite (high)
transmission corresponds to the ‘ON’ state of the out-
put, while the ‘OFF’ state represents zero (or vanishingly
small) transmission probability. Here, we present the
theoretical prescription based on transfer matrix (TM)
method31–34 for the calculation of two-terminal transmis-
sion probability considering a typical bridge setup, which
can easily be utilized in other conducting junctions (those
are given in Fig. 1) to explore different logical operations.
Let us begin with Fig. 2 where a one-dimensional
(1D) chain is attached to source (S) and drain (D) elec-
trodes through the coupling parameters τS and τD, re-
spectively. For non-interacting case one of the most im-
portant and usable models for studying electron trans-
port is the nearest-neighbor tight-binding (TB) model.
In this framework the TB Hamiltonian of the entire sys-
tem is given by the sum of three terms:35 H = Hwire +
Helec + Htun, where Hwire represents the Hamiltonian
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FIG. 2: (Color online). A quantum wire having N atomic
sites is coupled to two semi-infinite 1D electrodes, viz, source
(S) and drain (D).
of the bridging conductor sandwiched between S and D,
Helec and Htun correspond to the Hamiltonians of the
electrodes and chain-to-electrode coupling, respectively.
These Hamiltonians are written as:
Hwire =
∑
i
ǫic
†
i ci +
∑
i
τ
(
c†i+1ci + c
†
i ci+1
)
(1)
Helec = HS +HD
=
∑
n≤0
ǫ0a
†
nan +
∑
n≤0
τ0
(
a†nan−1 + a
†
n−1an
)
+
∑
n≥N+1
ǫ0b
†
nbn +
∑
n≥N+1
τ0
(
b†nbn+1 + b
†
n+1bn
)
(2)
and,
Htun = τS
(
c†1a0 + a
†
0c1
)
+ τD
(
c†NbN+1 + b
†
N+1cN
)
(3)
where c†i (ci) corresponds to the creation (annihilation)
operator, ǫi gives the on-site energy and τ represents the
inter-atomic interaction between the neighboring atomic
sites of the wire. a†n (an) and b
†
n (bn) represent the cre-
ation (annihilation) operators in the source and drain
electrodes, respectively, and they are parameterized by
site energy ǫ0 and nearest-neighbor hopping integral τ0.
Now we discuss the method of calculating transmission
probability for this setup using TM method. Let us start
with the Schro¨dinger equation
H |ψ〉 = E|ψ〉 (4)
where the wave function |ψ〉 is expressed in terms of the
Wannier functions |ψp〉 of different sites as |ψ〉 = Cp|ψp〉.
Cp’s are the coefficients. In TM approach, the TM essen-
tially connects the wave function of a particular site with
its neighboring sites. For an arbitrary site p, its wave
3function ψp (from now on we write |ψp〉 as ψp, for sim-
plification) can be linked with the wave functions ψp+1
and ψp−1 of the neighboring sites through the transfer
matrix (P ) as (
ψi+1
ψi
)
= P
(
ψi
ψi−1
)
(5)
Thus for a N -site chain we can write the matrix equation
as (
ψN+2
ψN+1
)
= M
(
ψ0
ψ−1
)
(6)
where M , representing the transfer matrix of the full
system, becomes
M = MR ·PN ·PN−1 · · · ·P2 ·P1 ·ML (7)
where, Pi’s are the transfer matrices for the sites la-
beled as 1, 2...N − 1, N , respectively, whereas, ML and
MR correspond to the transfer matrices for the boundary
sites at the left and right electrodes, respectively. Solving
Eq. 4 and doing some simple mathematical steps we get
all the transfer matrices and they look like
ML =
(
τ0
τS
eik 0
0 eik
)
, MR =
(
eik 0
0 τD
τ0
eik
)
,
P1 =
(
E−ǫ1
τ
− τS
τ
1 0
)
, PN =
(
E−ǫN
τD
− τ
τD
1 0
)
,
Pi =
(
E−ǫi
τ
−1
1 0
)
, where 1 < i < N .
where k is the wave vector. Assuming plane wave inci-
dence with unit amplitude we can write the wave func-
tions for the source and drain electrodes as
ψn = e
ikn + re−ikn, for n ≤ 0
= teikn, for n ≥ N + 1
where r and t are the reflection and transmission coeffi-
cients. Thus, Eq. 6 can be re-written as(
teik(N+2)
teik(N+1)
)
= M
(
1 + r
e−ik + reik
)
(8)
Solving the above equation (Eq. 8) we get the coefficient
of transmission probability t for each wave vector k, asso-
ciated with incidence energy E, and eventually find the
transmission probability
T (E) = |t|2 (9)
This is the general prescription for the calculation of
transmission probability through a two-terminal con-
ducting junction. Depending on the bridging system
i.e., the conductor sandwiched between two electrodes
we only modify the sub-Hamiltonian Hwire keeping the
rest unchanged.
Since all the logical operations described in the next
section are analyzed for very small sized conductors, the
average spacing of successive energy levels are consider-
ably large such that moderate temperatures have very
minor impact on the proposed analysis. Therefore, we
ignore the temperature effect and set it to zero through-
out the discussion.
III. RESULTS AND DISCUSSION
Based on the above theoretical prescription, worked
out for a general model, we analytically calculate trans-
mission probabilities of different specific models required
to achieve respective logical operations. Below we discuss
them one by one. For the case of one-input logic gate
(NOT gate) a single atomic site having site energy ǫα is
coupled with parent lattice via a dangling bond. This
coupling is described by the parameter τλ. Whereas two
such atoms are considered in the case of two-input logic
gates. Their site energies are defined as ǫα and ǫβ, and
they are coupled with the identical strength τλ, like one-
input gate. The site energies ǫα and ǫβ , treated as the
inputs, are controlled by suitable gate electrodes. When
no voltage is applied in the electrodes ǫα = ǫβ = 0 and
it is called as the OFF state of the two inputs, whereas
in presence of finite gate voltage ǫα = ǫβ = 1 which
is defined as ON state of the inputs. For simplification
of analytical calculations we fix all the inter-atomic in-
teractions (τ, τ0, τS , τD, and τλ) at 1 eV and choose site
energies of all the atomic sites apart from local atomic
site(s) to zero, though one can choose any other set of
parameter values. Only the thing is that the expressions
will be quite longer and difficult to read, but the physics
will be exactly same. Thus, in the OFF state condition
(ǫα = ǫβ = 0), site energies of the local atomic sites
become identical to the parent lattice sites.
NOT gate: The bridge setup for NOT gate operation
is schematically shown in Fig. 3(a) in which the shaded
region represents the bridging conductor where a parent
site (labeled as 1) is coupled to a local site (site number
2) via a dangling bond. The parent site is again directly
coupled to the measuring electrodes. To find transmis-
sion probability for this setup first we write difference
equations for these two sites using the Schro¨dinger equa-
tion (Eq. 4) and they are
Eψ1 = ψ0 + ψN+1 + ψ2 (10)
(E − ǫα)ψ2 = ψ1 (11)
These equations look very simple as we choose all the
inter-atomic interactions at 1 eV and fix site energies of
the electrodes and parent lattice sites to zero. Now sub-
stituting ψ2 we get the renormalized difference equation
for site 1 as
(E − ǫ′1)ψ1 = ψ0 + ψN+1 (12)
where the renormalized site energy of site 1 becomes
ǫ′1 =
1
E − ǫα
(13)
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FIG. 3: (Color online). (a) Setup for NOT gate. The pink
shaded region describes the bridging conductor which con-
tains one parent lattice site, numbered as 1, and it is directly
coupled to a local atomic site, labeled as 2, having site energy
ǫα. (b) After re-normalizing the configuration given in (a)
where the effect of site 2 is incorporated into the site 1 to get
a 1D lattice. The change of color of site 1 in (b) compared to
(a) represents the site gets modified after re-normalization.
Thus the setup given in Fig. 3(a) maps exactly to the
effective 1D configuration, (Fig. 3(b)), and therefore,
we can utilize the TM method to calculate transmis-
sion function T . Here we solve Eq. 8 considering M =
MR · P1 · ML with P1 =
(
E − ǫ′1 −1
1 0
)
. Doing the
necessary steps we eventually reach to the expression of
transmission probability as
T =
1
1 + 1
(4−E2)(E−ǫα)
2
(14)
At a first glance it seems that the energy E is dimension-
less since transmission probability does not have any di-
mension. But this is not the case at all. We reach to this
relation Eq. 14 only due to the fact that we set all the site
energies apart from local atomic site(s) (α and/or β) to
zero, and fix the inter-atomic hopping integrals at 1 eV.
From the expression Eq. 14 we can clearly explain the
NOT gate operation setting the injecting electron energy
E at 1 eV. When the input is high i.e., ǫα = 1 eV, trans-
TABLE I: Implementation of NOT behavior setting E = 1 eV.
Input Output
0 0.75
1 0
mission probability drops exactly to zero (OFF state),
while high transmission viz T = 0.75 (ON state) is ob-
tained when the input is low (ǫα = 0). The response is
summarized in Table I.
In order to check the robustness of our analysis for
any such general model in Fig 4 we plot T -ǫα character-
E = 1
0 1 2
0.0
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FIG. 4: (Color online). Two-terminal transmission probabil-
ity as a function of ǫα for a general setup as given in Fig. 1(a)
considering N = 40, Nα = 20 and E = 1 eV. Nα represents
the location of parent lattice site where the local atomic site
is coupled.
istics which we calculate numerically for a 40-site chain
considering Nα = 20 (Nα represents the location of the
parent atomic site with which the local site is coupled
through the dangling bond). Figure 4 clearly describes
the NOT gate operation i.e., T = 0 for ǫα = 1 eV and
T ≃ 0.75 when ǫα = 0. Thus the numerical results ex-
actly corroborate our analytical findings. In this context
it is important to note that one can choose any Nα as
the results are independent of this position.
AND and NOR gates: To achieve AND and NOR
gates, the setup is slightly modified than the previous
one i.e., the configuration used for NOT gate. Using the
bridge configuration, given in Fig. 5(a), we can get both
AND and NOR operations which seems very interesting
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FIG. 5: (Color online). (a) Conducting junction for AND
and NOR operations. The bridging conductor contains two
parent lattice sites (1 and 2) those are coupled to two local
atomic sites (3 and 4) having site energies ǫα and ǫβ. (b)
Renormalized version of configuration (a).
as only one setup provides two different logical operations.
5Here two atomic sites, labeled as 3 and 4, having ener-
gies ǫα and ǫβ are connected to the parent sites 1 and
2 respectively. In one step re-normalization the system
maps exactly to the 1D lattice (see Fig. 5(b)) where site
energies of atomic sites 1 and 2 get modified as
ǫ′1 =
1
E − ǫα
and ǫ′2 =
1
E − ǫβ
(15)
Under this situation the full transfer matrix M becomes
M = MR ·P2 ·P1 ·ML
with
P1 =
(
E − ǫ′1 −1
1 0
)
and P2 =
(
E − ǫ′2 −1
1 0
)
.
Finally solving Eq. 8 we get the following expression of
transmission probability
T =
(4− E2)(E − ǫα)
2(E − ǫβ)
2
(ǫα + ǫβ − 3 cos k)2 + {(1 + 2ǫαǫβ) sin k − 2(ǫα + ǫβ) sin 2k + 2 sin 3k}2
(16)
From this expression we can explain two logical opera-
tions (AND and NOR) setting the energy E at two dif-
ferent values. For E = 0, we get AND operation and the
corresponding truth table is given in Table. II. Whereas
TABLE II: Truth table for AND gate at E = 0.
Input-I Input-II Output
0 0 0
0 1 0
1 0 0
1 1 0.75
TABLE III: Truth table for NOR gate at E = 1 eV.
Input-I Input-II Output
0 0 1
0 1 0
1 0 0
1 1 0
for E = 1 eV, the NOR operation is obtained and its
truth table is shown in Table. III.
In Fig. 6 we present the density plot of two-terminal
transmission probability T , computed numerically as
functions of ǫα and ǫβ for two different energies (E = 0
and 1 eV), for a general model, considering N = 60,
Nα = 40 and Nβ = 45. From the spectra it is shown that
only when both the two inputs are high the output is high
at E = 0 yielding AND operation (Fig. 6(a)). On the
other hand, the same bridge setup exhibits high output
only when both the inputs are low under the condition
E = 1 eV resulting the NOR operation (see (Fig. 6(b)).
FIG. 6: (Color online). Density plot of two-terminal trans-
mission probability as functions of ǫα and ǫβ to analyze AND
(shown in (a)) and NOR (shown in (b)) operations, for a gen-
eral model given in Fig. 1(b), taking N = 60, Nα = 40 and
Nβ = 45, (Nβ, similar to Nα, represents the location of parent
site coupled to the local site having site energy ǫβ). In (a) we
set E = 0 while in (b) we fix E = 1 eV.
The numerical results completely match with analytical
observations.
OR and NAND gates: Finally, we focus on another
setup, given in Fig. 7(a), that is used to exhibit OR and
NAND operations. Here a diamond like interferometric
6geometry is taken into account instead of a chain-like
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FIG. 7: (Color online). (a) Bridge configuration for OR and
NAND operations where the pink shaded region contains a di-
amond shaped conductor which is coupled to two local atomic
sites (5 and 6). (b) After one step re-normalization an effec-
tive diamond is formed by incorporating the effects of sites 5
and 6 into 2 and 4, respectively. (c) The diamond becomes
an effective bond in second step re-normalization. Thus the
final system becomes a linear chain.
which is connected to two atomic sites having site ener-
gies ǫα and ǫβ via two dangling bonds. Here two step re-
normalizations are required to get an effective 1D lattice.
In the first step, the effects of 5th and 6th atomic sites are
incorporated into site numbers 2 and 4, respectively, to
get a regular diamond shaped conductor (see Fig. 7(b)).
Under this operation the site energies of these two sites
(2 and 4) become
ǫ′2 =
1
E − ǫα
and ǫ′4 =
1
E − ǫβ
(17)
In the second step re-normalization, diamond shaped
conductor moves to a linear one (see Fig. 7(c)) where ef-
fectively a bond is formed among the sites 1 and 3. Both
their site energies and inter-atomic hopping integral get
modified as,
ǫ′′1 = ǫ
′′
2 = τ
′ =
E − ǫα
E(E − ǫα)− 1
+
E − ǫβ
E(E − ǫβ)− 1
(18)
Once we get this effective linear geometry we can employ
TM method, like previous cases, and the transmission
probability becomes,
T =
x2(4− E2)
1− 2xE + 4x2
(19)
where x = E−ǫα
E(E−ǫα)−1
+
E−ǫβ
E(E−ǫβ)−1
. The above expres-
sion clearly describes other two logical operations, like
previous setup, by setting injecting electron energy at
FIG. 8: (Color online). Density plot of two-terminal trans-
mission probability as functions of ǫα and ǫβ to characterize
OR (shown in (a)) and NAND (shown in (b)) operations, for
the model given in Fig. 1(c). In (a) we choose E = 0 while in
(b) we take E = 1 eV.
two distinct values. For E = 0 we get OR operations,
whereas for E = 1 eV NAND operation is is observed.
TABLE IV: Truth table for OR gate at E = 0.
Input-I Input-II Output
0 0 0
0 1 0.8
1 0 0.8
1 1 0.94
And their corresponding truth tables are given in Ta-
ble. IV and Table. V, respectively. At the end, in Fig. 8
we present the density plot of two-terminal transmission
probability by varying ǫα and ǫβ to check the sensitivity
of logical operations on these quantities. We find that
the logical operations are stable for a wide range of pa-
rameter values, and thus, can be tested in laboratory.
7TABLE V: Truth table for NAND gate at E = 1 eV.
Input-I Input-II Output
0 0 0.75
0 1 0.75
1 0 0.75
1 1 0
IV. CLOSING REMARKS
In the present work we intend to establish how logical
operations can be performed using simple tailor made
geometries. Comparing all the propositions we can ar-
gue that our proposed model is the most suitable one,
particularly due to its simplicity, to design logic gates at
nano-scale level. A complete analytical prescription is
given to understand three basic (OR, AND, NOT) and
two universal (NAND and NOR) logic gates. Two geo-
metrical shapes of the bridging conductor, chain-like and
ring-like, are taken into account where in each case the
conductor is coupled to a local atomic site or two such
sites depending on one input or two input logic gates. By
using gate electrode site energy of the local site is con-
trolled which determines the OFF or ON state of an input
signal. The key idea is that whenever the site energy of
a local atomic site matches with the injecting electron
energy, transmission probability drops exactly to zero.
This phenomenon is utilized to design the logical oper-
ations. In this paper we propose five logical operations
and unable to establish other two operations viz, XOR
and XNOR gates using such simple setups. Hopefully we
will do that in our forthcoming work.
Finally, we would like to state that all these results are
valid for a reasonable range of parameter values which
we confirm through our extensive numerical analysis and
here we present some of them considering more general
models with higher number of lattice sites. Thus, we
strongly believe that the present proposal can be easily
tested in laboratory.
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